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Introduction 



As we indicated in our paper [HJ, the standard arithmetic Chow groups introduced by 



Gillet-Soule M are rather restricted to consider arithmetic analogues of geometric problems. 
In this note, we would like to propose a suitable extension of the arithmetic Chow group of 
codimension one, in which the Hodge index theorem still holds as in papers [0], || and [ |T5|| . 

Let X — > Spec(Z) be a regular arithmetic variety with d = dimXq. As we defined in 
TC| 7 CH_d(^) is a group, consisting of pairs (Z, g) with cycles Z of codimension p on X and 



currents g of type (p— l,p— 1) on X(C), modulo arithmetical rational equivalence. It seems to 

— * . 

be impossible to give a natural ring structure on the graded module CR D (X) Q . In [y, §2.3], 
we showed that CB. d (X)q has, however, a natural scalar product of the arithmetic Chow 
ring CH (X)q, namely, a module structure of CH d (X)q over CH (X)q as a generalization 
of j|, Theorem 4.2.3]. In this note, we will introduce suitable subgroups CE B {X) of CK D {X) 

- — - q - — - q - — - p - — - q 

and CH B f(X) of CH D (X) such that CH B (X) and CH B ,(X) have a natural paring 

CR P B (X) ® CH q B ,(X) -> CR P v 9 (X) Q . 

In the following, we would like to explain how to construct CH B (X), for example. 

We denote by C°°(X(C), R) (resp. L^ oc (X(C), R)) the set of all real valued C^-functions 
(resp. locally square integrable functions with all weak partial derivatives in Lf oc ) on X(C). 

A key point to get CH^(X) is to fix an abelian group B with C°°(X(C),R) C B C 
L^ oc (X(C), R). This abelian group B is called a class of degeneration of Green functions. 
Fixing the class B of degeneration, an arithmetic B-divisor on X is defined to be a pair 
(D,g) such that D is a divisor on X, and that there are a Green function / for D(C) and 
G B with g = f + <p. We denote by Z B (X) the set of all arithmetic 5-divisors on X, and 
define CH B (X) to be Z B (X) modulo arithmetic linear equivalence. Using the Dirichlet form 
of L\ loc (X(C), R) together with the usual star product, if (D 1 , gx), (D 2 , g?) G Z B (X), and 
Di and D 2 have no common component, then we can define the star product gi * g 2 as well 
as the usual one (cf. § [2.1|) . In this way, we have a homomorphism 



CR B (X) ® CE B (X) CH^(X). 



as desired. 
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Assuming X is projective over Z, let (H, k) be an arithmetically ample Hermitian line 
bundle on X, namely, (1) H is ample, (2) the Chern form ci(H, k) is positive definite on the 
infinite fiber X(C), and (3) there is a positive integer mo such that, for any integer m > m , 
H°(X,H m ) is generated by the set {s G H°(X,H m ) | ||s|| Bup < 1}. Then, the following is 



one of main results of this note, which is a generalization of ||, [H] and JTj 

Theorem A (cf. Corollary [4.3|) . Let us consider a homomorphism 

- — - p - — - p ~*i 
L : CH D (X) Q -> CH D (X)q 

given by L(x) = c\(H) ■ x. Then, we have the following. 

(1) L d - X : CH^(X) Q -> CH^(X) Q injectwe. 

(2) I/x G CH^(X) Q; x ^ 0, and = 0, then deg&^x) ■ x) < 0. 

On an arithmetic surface, Bost Q also constructed the same intersection pairing inde- 
pendently for an arithmetic analogue of the Lefschetz theorem. Our motivation is, however, 
different. In this note, we introduce the special class Br, which is called the birational class 
of degeneration, arising from birational geometry. Namely, a locally integrable function 
on X(C) belongs to the class Br if and only if there are a proper birational morphism 
fi : Y — > X(C) of smooth algebraic schemes over C, a divisor D' onY, and a Green function 
g for D' such that fi^(D') = and n*(g) = <p ( a - e 0- I* 1 §07 we wm check that the birational 
class Br is a class of degeneration (cf. Proposition |i.2p . Note that if dimX = 2, then Br is 
nothing more than C°°(X(C), E). 

The reason why we need to introduce the birational class comes from the following obser- 
vation. Let (E, h) be a Hermitian vector bundle of rank 2 on X, and L a rank 1 saturated 
subsheaf of E. Then, Lc is not necessarily line subbundle of Eq if dimXQ > 2, so that the 
metric Hl of L induced by h is not necessarily C°° over X(C). We can however see that 

c"i(L, h L ) gives rise to an element of CH Br (X). Thus, we may consider 

dei (cx(H, kf" 1 ■ c x (L, h L ) ■ (ci(£, h) - c^L, h L ))) . 

We would like to compare the above with deg (ci(H, • ^(i?, /i)). If we take the geo- 
metric case into account, one can guess 

dei (MH, kf- 1 ■ c 2 (E } h)) > dei (c x (H, k)^ 1 ■ ci(L, h L ) ■ (c^E, h) - c^L, h L ))) . 

Actually, we will prove the above inequality in §[5| Using this together with the result of 
[TJj], we have the following Bogomolov's instability theorem for rank 2 vector bundles in the 
arithmetic case. 

Theorem B (cf. Theorem If deg (c~i(#, k)^ 1 ■ (4c 2 (£, h) - c x (E, h) 2 )) < 0, then there 
is a rank 1 saturated subsheaf L of E such that L® 2 <S> det(-E)" 1 has positive degree on each 
connected component of X(C) with respect to He, and that 

feg (ci(#, kf- 1 ■ (2cx(L, h L ) - cx(E, h)) 2 ) > 0. 

Finally, we would like to thank Prof. Bost who kindly sent his paper [TJ after writing the 
first version of this note. Inspired with his paper, we could simplify the description of this 
note. 
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I. Class of degeneration of Green currents 

Let X be a complex manifold. We denote by C°°(X) (resp. C°°(X,R)) the set of all 
complex (resp. real) valued C°° functions. For a non-negative integer k and a real number 
r with 1 < r < oo, we denote by L r kloc (X) (resp. L r kloc (X, R)) the set of all complex (resp. 
real) valued functions on X which locally have all weak partial derivatives up to order k in 
U . Let a be a form of type (p, q) on X. We say a is a locally L^-form if all coefficients of 
a in terms of local coordinates belong to I7 k loc . We denote the set of all (resp. real) locally 
L^-forms of type (p,q) on X by L r Kloc (Vt p /) (resp. L r kloc (Sl™ ,R)). Let us begin with the 
following lemma. 

Lemma 1.1. (i) 7/0 G L\i oc {n™) an &^ e C7 00 (^' ? ) ; tfien [0 A 99(V)] + [9(0) A 9(V0] G 
Im(9) and [0 A 99(V>)] + [d{ip) A 9(0)] G Im(9) as currents. 



x 



(ii) Let r and r' be real numbers with 1 < r, r' < oo an7 1/r + 1/r' = 1. If <fi £ L r lloc 
and i) G L^ oc (fi| 9 ) ; then [9(0) A 9(^)1 = [d(ip) A 9(0)] modn/o Im(9) + Im(9)'. 

(iii) If X is an n- dimensional connected compact complex manifold with a fundamental form 
<3>, then 



-1 / 9(0) A 9(0) A > 



) l \ U\<JJ ) l \ ^ 

/or a// G 7^(X, R). Moreover, the equality holds if and only if is a constant almost 
everywhere. 

Proof, (i) First of all, A 9(^) G L^ oc (^ +9 ' p+9+1 ). Thus, 

9(0 A 5($)) = A 99(V>) + 9(0) A 9(V>). 

Hence, we get the first assertion. In the same way, 

9(0 A 9(V>)) = A 99(^) + 9(0) A d(ijj), 

which shows us the second assertion. 

(ii) It is sufficient to see that 

9[0 A 9(V>)] + 9[0 A d($)\ = [9(0) A 9(^)] - [9(^) A 9(0)] 

as currents. This is a local question, so that we may assume that and ip can be written in 
terms of a local coordinate and that all coefficients of and ip belong to L\(X) and L\ (X) 
respectively. Since C°°(X) C\L[ (X) is dense in L\ (X), there is a sequence {V'n} in C^iVL^) 
such that all coefficients of ip n belong to 7^'(X) and they converge to the coefficients of -0 
in L({X). Then, 

'lim^oo^d^n)] = [09(^)], 
lim n _ >oo [09(V'„)] = [09(^0], 
lim n ^ oo [9(0) A 9(^n)] = [9(0) A 9(V)], 
lim„.oo[a(i) A 9(0)] = [9(^) A 9(0)] 

as currents. Here note that if T is a current, {T n } is a sequence of currents, and lim^oo T n = 
T as currents, then lim^oo 9(T„) = 9(T) and lim^oo 9(T„) = 9(T) as currents. On the 
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other hand, by virtue of the proof of (i), 

9(0 A B^ n )) + 9(0 A 9(^„)) = (9(0) A d(i> n )) - (9(^n) A 9(0)) 

for all n. Thus, we get (ii). 

(hi) Let x be an arbitrary point of X, and 9i, . . . ,9 n a local orthogonal frame of the 
holomorphic cotangent bundle fi^ around x with respect to <3> such that $ = 
If we set 9(0) = J2i a fii around x, then 9(0) = Thus, 

n 

^9(0) A 9(0) A $ n_1 = N 2$ ™ 

1=1 

around x. This means that 

\n— 1 



V^T9(0) A 9(0) A $ T 

is non-negative on X. Therefore, we get the first assertion. 

Next we assume the equality. Then, by the proof of the inequality, we can see that 
9(0) = 9(0) = (a. e.), i.e., d(0) = (a. e.). Thus, is a constant almost everywhere. □ 

An abelian group B is called a class of degeneration of Green currents for codimension p 
cycles in V (or simply a class of degeneration) if C 00 (f2^ 1 ' p ~ 1 , R) CBC L\ loc {Vt p ^ 1 ' p ~ 1 , R). 

For example, C°° (n p ~ 1 ' p ~ 1 , R) and L r k j oc (^$~ 1 ' p- \ R) (k > 1) are classes of degeneration in 
U. 

Let us consider a non-trivial example of class of degeneration of Green functions. Let 
/i : Y — > X be a proper bimeromorphic morphism of complex manifolds, U the maximal 
open set of X with jj,~ l {U) —> U, and c<j a form on Y. We define the form f/,*(iv) on X to 
be 



uu(n~ l (x)) ii x eU 
iix^U. 



Note that if a; is locally integrable, then is also locally integrable and = 

as currents. It is easy to see that fj,*(u>i A u 2 ) = fJ,*(oui) A ^(002)- 

Let D be a divisor on X. A locally integrable function g on X is called a Green function 
for D if g is C°° over X \ Supp(D) and <i<i c ([g]) + Su is represented by a C^-form. It is easy 
to see that if g is a Green function for some divisor, then for any points x G X, there are a 
meromorphic function / around x and a C^-function ip around x with g = log |/| + ip. 

Here we consider the following space Br(X). A locally integrable function on X belongs 
to Br(X) if and only if there are a proper bimeromorphic morphism \x : Y — > X of complex 
manifolds, a divisor D on V, and a Green function g for D such that fi*(D) = and 

= MfiO ( a - e -)- 

Proposition 1.2. TTie space Br(X) is a class of degeneration of Green functions in L 2 . 
Moreover, the following properties are satisfied. 

(1) For all G Br(X), the differentials 99([0]) in the sense of currents are represented by 
locally integrable forms. (By abuse of notation, representatives of dd([<f>]) are denoted 
byOiho).) 
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Proof. Obviously, C°°(X,R) C Br(X) C Lf 0C (X,R) because a C7°°-function is a Green 
function for the zero divisor, and a Green function is locally square integrable. First, let us 
check that Br(X) is an abelian group. Choose arbitrary elements 0i, 2 £ Br(X). Then, we 
can easily find a proper bimeromorphic morphism fi : Y — > X of complex manifolds, divisors 
Di,D 2 on F, and Green functions #1 for D\ and gr 2 for L> 2 such that /i*(Di) = /j*(.D 2 ) = 0, 
0i = H*(gi) (a. e.), and 2 = /i*(g 2 ) (a. e.). Thus, <?i — g 2 is a Green function for D\ — D 2 , 
and — <7 2 ) = 0i — 2 (a. e.). Hence, 0i — 2 G Br(X). This shows us that Br(X) is an 
abelian group. 

In order to check another properties, we need to prepare two lemmas. 

Lemma 1.3. Let X be an n- dimensional complex manifold, D a divisor on X , and g a 
Green function for D . Then, 



for all u) G C^°(X, f2 2n-1 ) 7 i.e., u is a compactly supported (2n — l)-form on X. In other 
words, d([g]) = [d(g)]. Note that d(g) is a logarithmic form on X, so that d(g) is locally 
integrable. 

Proof. Let /i : Y — > X be a proper bimeromorphic morphism such that /i~ 1 (Supp(-D)) is 
a normal crossing divisor. Then, 



Thus, we may assume that Supp(L>) is a normal crossing divisor. 

Let {U a } a( zA be a locally finite open covering of X such that each U a is isomorphic to a 
bounded open set of C n . Let J2 a eA 0a = 1 be a partition of unity subordinate to {U a } a( zA- 





and 




If 





for all a G A, then 
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Thus, in order to complete our lemma, it is sufficient to show the following sublemma. □ 

Sublemma 1.3.1. Let (z±, . . . ,z n ) be a coordinate ofC n , and oi,... , a n real numbers. 
Then, for any uj e C c °°(C n , Q 2 " 1 ' 1 ), 

/ log{\z 1 \ ai ---\z n \ a »)d{u) = - I d(log(\ Zi r---\z n r))Auj. 

Note that 

d(\o g (\z 1 r...\ z ^)) = j2^(— + —) 

and it is a L l -form. 

Proof. Since log i\z\\ ai ■ ■ ■ \z n \ an ) = a\ log \ z-\_ \ + • — V a n log \ z n \, it is sufficient to see that 

/ log\z!\d(u) = - d (log \zi\) A to. 

For e > 0, we set 

U e = {(z 1 , . . . ,z n ) | \z ± \ > e} and D e = {(^i, . . . , z n ) \ \z±\ = e}. 
Then, since d(log = c?(log \z\\)u + log over U t , by Stokes' formula, 

- / log \ z^u = / d(log |^i|) Aw+ / log|zi|d(o;). 

Moreover, 

lim / d(log \zi\) A a; = / d(\og \zi\) A a; and lim / log = / log | Zi | . 

Thus, it is sufficient to show that 

lim / log \zi\u = 0. 
4° Jd. 

Let us choose a sufficiently large number M such that supp(c<j) C A^, where A^ = {z e 
C | |z| < M}. Then, if we set = {z G C | |z| = e}, we have 

/ log \zi \u = / log|^i|w. 

Here we set 

n 

u = |aj(cfci A dyi) A • • ■ A (ctej A dyi) A • • • A (<ir n A dy n ) 
i=i 

A dyi) A • • • A (dxi A <%) A • • • A (dx n A cfy n ) | , 
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where Z{ = Xi + \f—\yi. Then, since dx\ A dyi = on S}, 

/ log \zi\u = log(e) / (a-idyi + Pidxi) A (dx 2 A dy 2 ) A • • ■ A (dx n A dy n ) 

= elog(e) / / (a\ cos(#) — (3\ sin(9))d9dx 2 dy 2 ■ ■ ■ dx n dy n , 
Jo Jau 1 

where a{(9, z 2 , ■ ■ ■ , z n ) = a^ee 10 , z 2 , ■ ■ ■ , z n ) and (3\(6, z 2 , ■ ■ ■ , z n ) = (3i(ee %e , z 2 , ■ ■ ■ ,z n ). 
Thus, we get our lemma because 



□ 



limelog(e) = and \a{cos(9) — 0{mi(6)\ < ||ai|| SU p + HAIUp- 

Next, let us consider the following lemma. 
Lemma 1.4. Let X be an n- dimensional complex manifold, and 

7T]V_1 TTN-2 7T0 V v 

I — A.N ► Ajv-1 > ■ ■ ■ ► Ao — A 

a succession of blowing-ups along smooth and irreducible subvarieties of codimension at least 
2, i.e., for each < a < N , there is a smooth and irreducible subvariety C a on X a such that 
codimC a > 2 and n a : X a+ i — > X a is the blowing-up along C a . Let E be the exceptional set 
of it = 7r • • • ti~n~i '■ y —> X . Let D be a divisor on Y with Supp(D) C E, and g a Green 
function for D. If E is a normal crossing divisor, then d(g) A 7t*(cj) is a C°° form for any 
uj G C°°(X, f2 n_1 ' n ~ 1 ) . 

Proof. Let y be an arbitrary point of Y, and (z±, . . . , z n ) a local coordinate of Y at y 
such that Zi(y) — • • • — z n (y) = and E is given by \z\ ■ ■ ■ z a — 0} around y. Then, g can 
be written by a form 

g = ei log |^i | 2 H h e a log \z a \ 2 + (C°° function). 

Then, 

<*(</) = £> (^ + ^+(C">fonn). 
Thus, it is sufficient to show that 

^Att» and ^Att» 

^ z% 

are C°° forms around y for every 1 < % < a. 

We choose < a < N such that {zi = 0} is an irreducible component of n~ l (C a ), where 
/i a = ff„ • • ■ kn-i '■ y —> X a . Moreover, we choose a local coordinate (wi, . . . , w n ) of X a at 
H a {y) such that Wi(/i a (y)) = ■ ■ ■ = w n (/i a (y)) = and C Q is given by an equation wi — • ■ ■ — 
Wb = 0. Then, b > 2 because codimC a > 2. We set 4>i — ^* a { w i) for i = 1, . . . , n. By our 
choice of x^s and w/s, the ideal generated by <f>i, . . . , 06 is contained in the ideal generated by 
Zi. Thus, there are holomorphic functions fi, ■ ■ ■ , fb around y with <f>i = Zifi, ... ,(pb = Zifb- 
Here we set 

(ir • ■ ■ 7t q ,_ 1 )*(cj) = ^du»i A ■ • • A dw s A • • • A c?w n j A ^Gfex A • • • A dw t A ■ • ■ A cto n j 
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around ^ a {y). Then, 

■k*(cu) = ^ t^ai^st) (d<t>i A • • • A d(f) s A • • • A d<j)^j A (dfa A • ■ • A d<j) t A • • ■ A 



Since b > 2, for each s, there is s' with 1 < s' < b and s' ^ s. Then, 

dz' dz' 

— - A d(j) s i = — - A {{dzi)f s > + Zidfs>) = dzi A df s 

Zi Zi 



which shows us that 

dzi 



A d<f>\ A • • • A A ■ ■ ■ A 



is a holomorphic form for all s. In the same way, we can see that 

dz- ^> 

— A d<f>i A • • • A d(p t A • • • A d0„ 

is an anti-holomorphic form for each t. Thus, we get our lemma. □ 



Let us go back to the proof of Proposition |1.2j . Let us pick up arbitrary <f>,ij) G Br(Jf). 
Choose a proper bimeromorphic morphism \i : Y — > X of complex manifolds, divisors D 
and E on Y", and Green functions g for D and / for E such that /i*(-D) = n*{E) = 0, 
(ft = n*(g) (a. e.), and tp = //*(/) (a. e.). Changing a model, if necessarily, we may assume 
that (jl : Y — > X can be obtained by a succession of blowing-ups along smooth and irreducible 
subvarieties of codimension at least 2, and that the exceptional set is a divisor with only 
normal crossings. Let u be a C°°-form on Y with 

dd c ([f}) + 5 E = -ZL=dd(\f\) +5 E = 

Z7TV — 1 



Claim 1.5. d( [</>]) = and dd([ip]) = — 2ir\/— l[[i*{u)\. In particular, d([<f\) and 

dd([ip]) are represented by locally integrable forms. 

By virtue of Lemma \L.3j d{[g\) = [d(g)]. Thus, 

d{[4>}) = d(^[g}) = n*d([g\) = (i*[d(g)] = [fi*(d(g))\. 

Further, /j,*dd([f]) = — 2iry^ T[i*[w] because /j,*(8e) = 0. Thus, 

dd([vb}) = dd(ji,*[f\) = v*dd([f]) = -27rV = T/i*H = -2tt>/=T^(w)]. 

Claim 1.6. <f>dd{ip), d(4>) A d(ip), and <fid(ip) are locally integrable. Note that the local 
integrability of <9(0) A <9(0) implies that G L\ loc (X, M). 

Using the equation dd(i[)) = — 27i\/— 1^ (a;), we have 

4>dd(vb) = -2TTy/^l/j„(g)j2„(uj) = — 2x^/^1 fi*(guj). 
Here, since gu is locally integrable, so is n*(gu). In order to see that <9(0) A 8(if)) is locally 

n— 
X 



integrable, it is sufficient to see that <9(0) A d(ip) A A is integrable for all A G C^°(Q n '"" ' 



Since 



a(0)A^)AA= / d(g)Ad(f)A^(X) 
x Jy 
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and d(f) A fM*(X) is a C^-form by Lemma |1.4| , we can see that d((j)) A d(ip) A A is integrable. 
In the same way as above, using Lemma |1.4j, we can check that (f)d{ip) are locally integrable. 



Claim 1.7. [(j>dd{ip)] + [d(<f>) A d(if>)] = d[(f>d(ip)). 
The above equation means that 

/ (j)dd{i))A\ + [ 9(0) A 8(i/}) A A 
Jx Jx 

for all A G C£°(f^~ ,n ~ 1 ). This is equivalent to say that 

-2tt>/=1 / guA»*{\) + [ d(g) A d(f) A //(A) 



<pd(ip) A 0(A) 



x 



Y 



X 



gd(f)Ad(»*(X)) 



x 



for all A G C c °°(fi7 1 ' n ~ 1 ). We set r) = d(f) A fi*(X). Then, rj is C°° by Lemma |T| and 



-27rV-lo; A //(A) - d(f) A fi*(d(\)). 
d(g) A V = I d(g) At] = — f gA d( V ) = 2nV^l [ gou A //(A) + / gd(f) A fi*(d(X)). 



Thus, using Lemma [T. 



Y 



Y 



Y 



Hence we get our claim. 



Gathering Claim |1.5| , Claim |1.6| and Claim [1.7| , we can complete the proof of Proposi- 
tion □ 



2. Degenerate Green currents 

2.1. 5-Green currents and their star product. Let X be a complex manifold, and B 
a class of degeneration of Green currents for codimension p cycles. Let Z be a cycle of 
codimension p on X. A current (resp. locally integrable form) g of type (p — l,p — 1) on X 
is called a B-Green current for Z (resp. B-Green form for Z) if there are a Green current 
(resp. Green form) / for Z and G B with g = f + [0] (resp. g = f + <t> (a. e.)). We 
denote dd c (g) + 5^ by u(g). For example, if B = C°° {yiF-^ 1 '^ 1 , IR), then a 5-Green current 
is nothing more than an usual Green current. 

We also fix a class B' of degeneration of Green currents for codimension q cycles. We 
assume that B C L r Uoc (Q^ 1,p ~ 1 , R), 5' C L^^fi^ 1 ' 3-1 , R), and 1/r + 1/r' = 1. Let Zi be 
a cycle of codimension ponX, and Z 2 a cycle of codimension gonX. Let gi be a 5-Green 
current for Z 1; and g 2 a .B'-Green current for Z 2 . Let us choose a Green current /i for Zi, a 
Green current / 2 for Z 2 , 0i G 5, and 2 G -B' such that g 1 — fi + (pi and g 2 = f 2 + 2 - We 
suppose that Z 1 and Z 2 intersect properly. We would like to define the star product g\ * g 2 
of gi and g 2 to be 

9i * 92 = fi * h + M/i) A 2 ] + [0i A co(f 2 )} - V^[9(0 X ) A 9(0 2 )] 

Z7T 

as an element of D 1 ' 1 (X) / (lm(d) + Im(<9)). The following proposition says us that the above 
product is well defined and it is commutative modulo Im(<9) + Im(<9). 
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Proposition 2.1.1. (1) g\ * g 2 modulo Im(9) + Im(9) is well defined, namely, fi * f 2 + 
[w(fi) A 2 ] + [0i A uj(f 2 )] — 2^ ) A 9(0 2 )] modulo Im(9) + Im(9) does not depend 
on the choices of fx, f 2 , 0i and 2 . 
(2) gi * g 2 = g 2 * gi modulo Im(9) + Im(9). 

Proof. (1) Let gi = f[ + 4>'i an d 92 = f 2 + 0' 2 be another expressions of g\ and #2, where 
f[ is a Green current for Zi, is a Green current for Z 2) §\ e 5 and 0' 2 G B'. Then, there 
are smooth forms 771 and 7] 2 , and currents Si, Ti, S2 and T 2 such that 

/i = /i + ^ + 9(S 1 )+a(T 1 ) and n = f 2 + m + d(S 2 ) + d(T 2 ). 

Thus, we have 

0' 1 = 0i-t 7 i-9(S'i)-9(T 1 ) and & = <h-V2-d(S 2 )-8(T 2 ). 
First of all, it is well known that 

(2.1.1.1) /W£ = (/i + 77i)*(/2 + 7/2) modulo Im(9) + Im(9). 
Moreover, since u;(/{) = cj(/i + 7/1) and u;(/() is 9 and 9-closed, we can see that 

u(fi) A 02 = + Vi) A (02 - m) - d{u>{h + m) A S 2 ) - 9(a;(/i + 771) A T 2 ), 
which shows us that 

(2.1.1.2) u(f[) A 02 = + 771) A (0 2 - r/ 2 ) modulo Im(9) + Im(9). 
In the same way, 

(2.1.1.3) (f)' 1 Au(f 2 ) = {(f) 1 -r] 1 )Au(f 2 + r]2) modulo Im(9) + Im(9). 
Further, since 

9(0' 1 ) = 9(0 1 -7/ 1 )-99(T 1 ) and 9(0 2 ) = 9(0 2 - 772) - 3d(S 2 ), 

dd(Tx) (resp. Bd(S 2 )) is a 9 and 9-closed locally Lp-form (resp. U Q -form). Thus, we can see 
that 

9(0' x ) A 9(0 2 ) = 9(0x - 771) A 9(02 - r/ 2 ) + 9(99(1\) A (0 2 - 772)) + 9(0; A dd(S 2 )), 
which says us that 

(2.1.1.4) d{(j}' x ) A 9(0' 2 ) = 9(0i - 771) A 9(0 2 - 773) modulo Im(9) + Im(9). 
Thus, gathering fl2.1.1.1|) , (|2.1.1.2| ), (|2.1.1.3|) , and Q2.1.1.4Q , we obtain that 

fi*?2+ Hf'i) A 0' 2 ] + [0'i A u(f 2 )] - ^[9(0i) A 9(0' 2 )] 

is equal to 

A = (fi + »7i) * (/a + 772) + Hfi + Vi) A (02 - V2)} + 

[(0! - 771) A u(f 2 + 7/2)] - ^^[9(0i - 771) A 9(02 - 772)] 
modulo Im(9) + Im(9). Moreover, by easy calculations, we can see that 

A - (h * f 2 + [uUi) A 2 ] + [0i A uj(f 2 )] - ^[9(0i) A 9(0 2 )] 
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is equal to 



2tt 



A dd( V2 )] + [9(00 A d( m )]) + ( Vl *f 2 -f 2 * Vl) + 



2tt 



(Jddfa) A<h] + [d(Vi) A W]) 



2tt 



([5(»7a)A9(^)] + [»7iA99^]) 



which is elements of Im(<9) + lm(d) by (i) of Lemma LI and [II Corollary 2.2.9]. Thus, we 
get (1). 

(2) It is well known that f x * f 2 = f 2 * A modulo Im(<9) + Im(<9) (cf. |, Corollary 2.2.9]). 
Moreover, by (ii) of Lemma [TTT| , [<9(0i) A <9(0 2 )] = [^(^2) A <9(0i)] modulo Im(<9) + Im(<9). 
Thus, we have (2). □ 



2.2. Birational Green function. Let X be a complex manifold, and D a divisor on X. 
Let Br(X) be the class introduced in §|I|. A Br(X)-Green function for a divisor D is specially 
called a birational Green function for D. It is easy to see that g is a birational Green function 
for D if and only if there are a proper bimeromorphic morphism fi : Y — > X of complex 
manifolds, a divisor D' on Y, and a Green function g' for D' such that fi^D') = D and 
H*(g') = g. A point at which u;(g) is not C 00 is called a singular point of g. In this sense, 
the pair (D',g') is called a resolution of singularities of (D,g) by fi. 

An idea of the birational Green functions arises from the following observation. Let (E, h) 
a Hermitian vector bundle on X, L a rank-1 saturated subsheaf of E, and s a rational section 
of L. If dimX > 2, then g = — log/i(s, s) is not necessarily a Green function for D = div(s) 
because E/L is not locally free in general. However, we can see that g is a birational Green 
function for D. For, there are a proper bimeromorphic morphism [i : Y — * X of complex 
manifolds, and a rank-1 saturated subsheaf V of ^*{E) such that fi*(E)/L' is locally free 
and n*(L') = L. Since L' is a sub-line bundle of fi*(E), V possesses a Hermitian metric b! 
induced from fi*(h). Let s' be the rational section of V corresponding with s. Then, by 
virtue of Poincare-Lelong formula, g' = — log h'(s', s') is a Green function for D' = div(s'). 
Further, D = n*(D') and g = /i*(<?') by our construction. 

By the above observation, we have the following definition. Let X be a complex manifold, 
and E a torsion free sheaf on X. We say h is a birationally Hermitian metric of E if there 
is a proper bimeromorphic morphism /i : Y — > X of complex manifolds, a Hermitian vector 
bundle (E', h') on Y, and a Zariski open set U of X such that codim(X\[7) > 2, ji^iJJ) ~ £/, 
(E,h) is a Hermitian vector bundle on [/, and (^7', l^-i^ — (-E\^)|(/- We say (E',h') is 
a resolution of singularities of (E, h) by fi. Then, we have the following proposition. 

Proposition 2.2.1. Let L be a line bundle on X and h a generalized metric of L over X . 
Let s be a non-zero rational section of L. Then, h is a birationally Hermitian metric if and 
only if — log h(s, s) is a birational Green function for div(s) . 

Proof. First, we assume that h is a birationally Hermitian metric. Let (L',h') be a 
resolution of singularities of (L, h) by fi : Y — > X. Let U be a Zariski open set of X as the 
above. Here, we can find a rational section s' of V corresponding with s via isomorphism 
(L', h')\ u -i(m — (L,h)\ u . Then, fi^(div(s')) = div(s), and — log h\s\ s') is a Green function 
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for div(s') . Thus, — log h(s, s) is a birational Green function for div(s) because — log h(s, s) = 
^(-logh>(s',s>)). 

Next, we assume that g = — log h(s, s) is a birational Green function for D = div(s). Let 
(D', g') be a resolution of singularities of (D, g) by \i : Y — ■> X . Let s' be a non-zero rational 
section of Oy{D') with D' = div(s'). Let U be a non-empty Zariski open set of X with 
/ u~ 1 (C/) ~ C/. Since D'| = D\ v , there is m G H°(U,Ou) x with s' = us. Thus, there is 

an isomorphism i : )l(i-i(E/) ~ with i(s') = s. Since is a Green function 

for .D', there is a C°° Hermitian metric h' of Oy(D') with g' = — log /i'(s', s'). Then, we have 
h'(s',s') = h(s,s) over {7 = n~ l {U) because g = f-i*(g')- Thus, t gives rise to an isometry 

{Oy{D>),h>)\^ { u)^{Ox{D)Mu- D 

Corollary 2.2.2. Let g be a birational Green function for a divisor D. Then, there is a 
birationally Hermitian metric h of Ox{D) such that g = — log h(s, s), where s is a non-zero 
rational section of Ox{D) with div(s) = D. 

Proof. Since g is a locally integrable function, there is a generalized metric h of Ox(D) 
with g = — log h(s, s). Hence, by Proposition p.2.1| , h must be a birationally Hermitian 



metric. □ 



3. Arithmetic _B-cycles and their pairing 

3.1. Arithmetic Z?-cycles. Let X be an arithmetic variety, i.e., a quasi-projective integral 
scheme over Z with the smooth generic fiber over Z. For each p, let R P (X) be the subgroup 
of Z P (X) generated by the following elements: 

(a) ((/), — [log |/| 2 ]), where / is a rational function on some subvariety Y of codimension 
p — 1 and [log [/I 2 ] is the current defined by 

[log|/| 2 ](7)= / Oogl/fh- 
Jy(c) 

(b) (0,d(a) + 8(p)), where a G D p - 2 ^- l {X{C)), p G Dp- 1 *- 2 {X(C)). 

A pair (Z,g) is called an arithmetic D-cycle on X of codimension p if Z is a cycle of 
codimension p on X and g G -D P ~ 1,P-1 (X(C)). We denote the set of all arithmetic JJ-cycles 
of codimension p on X by Z P D (X). Moreover, CH D (X) is defined by Z P D (X)/R P (X). 

Let B be a class of degeneration of Green currents for codimension p cycles on X(C). 
A pair (Z,g) is called an arithmetic B-cycle of codimension p on X if Z G Z P (X) and g 
is a 5-Green current for Z(C) on X(C). We denote the set of all arithmetic 5-cycles of 
codimension p on X by Z P B [X\ and define 

CH^(X) = Zl{X)/R p {X). 

EB = L r kiloc (Q p -^ p -\R), then Z P B (X) and CH^(X) are denoted by Z P r(X) and CH^(X) 

respectively. Note that for x G CH^(X), there are x G CH P (X) and <p £ B with x = 
x + a(4>). 
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From now, we assume that X is regular. We would like to construct a pairing 
(3.1.1) CH^(X) ® CH^(X) - CH?'(X) Q , 

where 1/r + 1/r' = 1. Roughly speaking, for (Z 1: gi) G Z£ r (X) and (Z 2 ,^ 2 ) £ Z 9 ,(X), 

i 

(Z lt gi) ■ (Z 2 , g-i) is defined by (Zj • Z2, #1 * #2) if ^ and Z 2 intersect properly. 

To define it exactly, for x G CH Lr (X) and y G CH Lr '(X), we choose xo G CH (X), 
y G CH 9 (F), (f> G L^ oc (^p 1 ,M), i and ^ e L^ oc (fi^f \E) with x = x + a(0) and 
V = Vo + o(V')- Then, we define x • 7/ to be 

x • ty = x • y + a ([w(x ) Aip] + [(f> A u(y )] - W) A B(^)] \ , 

where Xq ■ yo is the usual arithmetic intersection. In the same way as in the proof of Propo- 
sition [2.1.1| , we can see that the above definition does not depend on the choices of x , y , <f> 



and tp. Moreover, the pairing is commutative by virtue of (ii) of Lemma 1.1 



Here we recall the scalar product 

(3.1.2) CH P (X) ® CH^(X) -> 6iC 9 (X)q 

introduced in 0, §2.3]. Let x G Clf(X) and y G CH^(X). We choose y G 6e\x) and 
T G D p - 1 « p - 1 (X(C)) with y = y + a(T). Then, x • y is defined by 

x ■ y — x ■ yo + a(u;(x) A T). 

If y G CH^r(X), then T can be represented by G Lj^ oc (f^Q _1 , E). Thus, c<j(x) AT G 
-^fc,«oc(^x(Q >p+? _1 j ]^)_ This observation shows us that ( |3.1.2| ) induces 

(3.1.3) Ctf(X) ® CH^(X) -> CH^ 9 (X) Q 
Then, we have the following proposition. 

Proposition 3.1.4. Let r and r' be real numbers with 1 < r,r' < 00 and 1/r + 1/r' = 1. 
For x G CH P (X), y G CH^(X) ; and z G CH^(X) ; x ■ (y ■ z) = (x ■ y) ■ z. 

Proof. We set y = yo + a{4>) and z = z + a(?/>), where yo G CH 9 (X), z £ CH (Y), 
G L^ oc (fi^f \R), and V G LJ^^f 1 , R). Then, 

x • (y • z) = x ■ (y ■ z + a (\u(y ) Atp] + [(f) A u(zq)] - ^^TO) A 5(^)\ 

= x-(y -z )+a (w(x) A f[u(y ) A ip] + [(f) A u(z )] - "^PO) A 
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On the other hand, 



(x ■ y) • z — (x ■ 2/0 + a(uj(x) A 0)) ■ z 
= (x ■ y ) ■ z Q + 



a (Jcu(x • y ) Aip] + [u{x) A A lu(z )} - 1 ^[d{u{x) A 0) A <9(^)]J . 

Here u>(x-y ) = u(x) Au>(y ) and d(u(x) A0) = u(x) A (9(0). Thus, we have our proposition. 

□ 



3.2. Intersection on singular varieties. Let X be an arithmetic variety. Let E = (E, h) 
be a Hermitian vector bundle on X. In P, Theorem 4], the operator 

(3.2.1) di(E) : CH*(X) -> CH*(X) Q 

is defined. Here we would like to extend the above operator in two ways. 
The first one is 

(3.2.2) ch(£) : CH D {X) -> CH^(X) Q . 
This is defined by 

ch(F) • (z„ + o(T)) = ch(£) • x + a(ch(£) A T), 

where x G CH*(X) and T e p > x J D p ~ 1 ' p - 1 (X(C)). 

To give the second one, let us fix an element of ® p>1 L^ oc (f2^ c 'f _ , M). We define 

(3.2.3) ch(£) + a(0) : CH^' (X) -> CH^(X) Q 

as follows, where 1/r + l/r' = 1. Let x G CH L r'(X). We choose xo G CH (X) and 

^ G P >1 ^CocC^Cp 1 ' R ) With X = X + °(^)- Tnen ' 

(ch(E) + a(0)) • x = ch(E) • x + a f [ch(£) A + [0 A cu(x )] - ^^[<9(0) A <9(V>)] 



In the same way as in Proposition |3.1.4] , using || 4 of Theorem 4], we have the following. 



Proposition 3.2.4. Let E and F be Hermitian vector bundles on X. Then, we have the 
following. 

(1) ch(£) • (ch(F) • x) = di(E ®F) ■ x for x G CH^(X). 

(2) Let r and r' be real numbers with 1 < r,r' < oo and 1/r + l/r' = 1. Then, for any 

<P e e^i^^c^c'r 1 ^) andxe ^'(X), 

ch(E) ■ f (ch(F) + a(0)) • x) = (ch(E ® F) + a(ch(F) A 0)) • x. 
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3.3. Arithmetic 5-Cartier divisor. Let X be an arithmetic variety. Let Rat^ be the 
sheaf of rational functions on X. We denote H°(X, Rat^ /O x ) by Div(X). An element of 
Div(X) is called a Cartier divisor on X. For a Cartier divisor D on X, we can assign the 
divisor [D] G Z 1 (X) in the natural way. This gives rise to a homomorphism 

c x : Div(X) -> Z\X). 

Note that cx is neither injective nor surjective in general. The exact sequence 

1 -> 0* -> Rat* -> Rat* /0* -> 1 

induces to a homomorphism Div(X) — > H X (X, O x ). For a Cartier divisor D on X, the image 
of D by the above homomorphism induces a line bundle on X. We denote this line bundle 
by Ox{D). An arithmetic Cartier divisor on X is a pair (D,g) such that D G Div(X) and 
g is a Green function for D(C) on X(C). The set of all arithmetic Cartier divisors on X 
is denoted by Div(X), and Pic(X) is defined by Div(X)/c^ 1 (.R 1 (X)), where dx is a natural 
homomorphism Div(X) — ► Z l (X). 

Let us fix a class B of degeneration of Green functions on X(C), namely, an abelian group 
with C°°(X, R) C B C L r lloc (X, R). A pair (D,g) is called an arithmetic B-Cartier divisor 
on X if .D G Div(X) and g is a 5-Green function for .D(C) on X(C). We denote the set of 
all arithmetic I?-Cartier divisors on X by Dive(X), and define 

pTcb(x) = r5iv B (x)/c x 1 (i? 1 (x)). 

Note that if X is regular, then Div B (X) = Z B (X) and Pic B (X) = CH^(X). 

If B = L^ oc (^ ( ^ _1 ,R), then Div B (X) and Pic B (X) are denoted by Div L r(X) and 

Pic X r(X). Moreover, If B = Br(X(C)), then Z B (X), Div" B (X), CH^(X), and Pic B (X) 

are denoted by Z Br (X), Div Br (X), CH Br (X), and PicB r (X). An element of Z Br (X) (resp. 

DivBr(X)) is called a birational arithmetic divisor (resp. a birational arithmetic Cartier 
divisor). 

We can easily to see that ( |3.2.2| ) and ( |3.2.3| ) induce 

(3.3.1) Pic(X) ® CH^(X) -> CH^ +1 (X). 
and 

(3.3.2) Pic L1 -(X) <g> CH^(X) -> CFT^X) 

respectively, where l/r + l/r' = 1. Note that if .D and Z intersect properly, then (|3.3.2| ) 
is given by (D,g D ) ■ (Z,g z ) = (D ■ Z, g D * g z ), where D ■ Z is defined as follows. Let s be 
a rational section of Ox(D) with div(s) = D, and Z = a 1 Z 1 + ■ ■ • + a n Z n the irreducible 
decomposition as cycles. Then, s\ z . gives rise to a rational section of Oz^D), so that we 
define D ■ Z to be 

a,\ div(s| z ) + • • • + a n div(s| z ). 
In particular, if B C L\ loc (X, R), then we have a commutative pairing: 

(3.3.3) Pic B (X) ® P?c B (X) -> CH^(X). 
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Remark 3.3.4. Let x G Pic(X), y G P?c(X), G Br(X(C)), and if) G Br(X(C)). Then, 

(x Q + a(4>)) ■ (y + a(if>)) = x ■ y + a(uj(x )^ + (puj(y ) + dd c ((j))%p). 
Indeed, by Proposition |1.2j and (ii) of Lemma [L.l| , we have 

[dd^ijj] = -|<9(0) A d{il))} = -[d((f)) A 5(ijj)] 

modulo Im(<9) + Im(<9). 

4. Hodge index theorem 

Let K be a number field, and A the ring of integers of K. Let / : X — > Spec(Oif) be 
a projective arithmetic variety with the geometrically irreducible generic fiber. Let H = 
(H,k) be an arithmetically ample Hermitian line bundle on X, i.e., (1) H is /-ample, (2) 
the Chern form ci(H,k) is positive definite on the infinite fiber X(C), and (3) there is a 
positive integer mo such that, for any integer m > mo, H°(X,H m ) is generated by the set 
{s G H°(X,H m ) | || s || sup < 1}. Let us consider the pairing 

( • )h : pTc l? (X)q x P?c L? (X) Q - R 

given by (x ■ y)jj = deg (ci(H, k)^ 1 ■ (x ■ y)), where d = dimX^. Further, we have the 
homomorphism 

deg A -:pTc L? (X)Q^Q 
given by deg K ((D,g)) = (D K ■ c^Hk)^ 1 ). 

Theorem 4.1. If x G Pic L 2(X)(Q and deg K (x) = 0, then (x-x)jj- < 0. Moreover, the equality 
holds if and only if there is y G CH (Spec(0 A ))(Q with x = f*(y) in CH (X)q. 

Proof. Clearly, we may assume that x G Pic L 2(X). There is x$ G Pic(X) such that z(x) = 
z(xq) and oj(xq) is harmonic with respect to c\(H, k). Consequently, lu(xq) Ac\(H, k)^ 1 = 
because deg K (x) = 0. Then, we can find G Lf loc (X,M) with x = x + a(0). Thus, since 

x ■ a{4>) = a(<f)u(xo)) and a{4>) ■ a(0) = a ( ^^^ d{(j)) A d((f>)j, we have 
(x ■ x)jj = (x ■ x ) w + 2(x ■ a{4>))-H + (a(0) • a(0))^ 

= (x Q ■ x )h [ <9(0) A <9(0) A Cl (H, k) d ~\ 



X(C) 



On the other hand, by (ii) of Lemma 1.1 



V-l / <9(0) A 9(0) Aa(H,k) d - L > 0. 
Jx(c) 

Thus, (x ■ x)-ff < (xq ■ Xq)jj. Moreover, by [15|, Theorem 1.1], (x ■ x )-ff < 0. Therefore, we 



get the first assertion. 

Next we assume that the equality holds. Then, 



1/ d((j)) A 9(0) Ac 1 (H,k) d ~ 1 = 0. 

JX(C) 
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Thus, by the equality condition of (ii) of Lemma |1 . 1| , there is a function c on X(C) such that 



<p = c (a. e.) and c is constant on each connected component of X(C). Therefore, 

x = x + a(c) G Pic(X). 

Hence, by fL5| , Theorem 1.1], then there are (D,g) G Div(X) and a positive integer n such 
that nx ~ (D,g), D is vertical with respect to X — > Spec((9ft-) and g is constant on each 
connected component of X(C). Then, 

PeSpec(O K )\{0} 



Thus, by Zariski's lemma for integral scheme (cf. Lemma |B.1|) , there is a Q-divisor T on 
Spec(O^) with f*(T) = D in Z 1 (X) Q . Let K(C) be the set of all embeddings of K into 
C, and, for each a G -K"(C), let X G = X ®^ C be the base extension in terms of a. Then, 
X(C) = Uo-Xo- is nothing more than the decomposition into connected component. Let 
g a be the value of g on X a . Then, (D,g) = f*(T, {g a } a ) in Z 1 (X)q. Thus, if we set 

y = (l/n)(T, {g a } a ), then x = f*(y) in Ch'^q. 

. — - 1 -—-l 
Finally, we assume that there is y G CH (Spec(OK))«2 with x = f*(y) in CH (X)q. Then, 

since Pic(X) Q <g> Pic(X) Q -> CH (X) Q passes through Pic(X) Q <g> CH (X) Q -> CH (X) Q , 
and the pairing 

pTc(X) q ® •- • ® Pic(X) Q -> CH 1 (Spec(O x )) Q 
is symmetric, we can see 

de^ (ciOHy- 1 • x 2 ) = dei (cifff)*" 1 • (x ■ f*(y))) 
= dei(c 1 (F) d - 1 -(r(y)-x)) 

= d5(^(S) d - 1 -(r(y)-r(y))) = o. 

Thus, we get all assertions of Theorem EO. □ 



Corollary 4.2. Let h G Pic L 2(X),Q with deg K (h) > and (h ■ h)jj > 0. If x E Pic L 2(X) Q 
and (h-x)jj = 0, then (x-x)jj < 0. Moreover, if (x-x)jj = and f*(ci(H, k) d ~ l ■ (h-x)) = 0, 
then x = in CH (X)q. 



Proof. Let us choose a rational number t with deg^(rr + £/i) = 0. Then, by Theorem (LI 
> (x + th ■ x + th)jj = (x ■ x)jj + t 2 (h- h)jj. 



Thus, (x ■ x)jj < 0. 



Next we assume that (x ■ x)jj = and /*(ci(ff, k) d 1 • (h ■ x)) = 0. Then, in the above 
inequality, we can see that t = 0. Thus, deg K (x) = and (x ■ x)jj = 0. Therefore, by 

Theorem |Q| , there is y G CH (Spec(Oj<-))Q with x = f*(y) in CH (X)q. Then, by virtue of 
Proposition |A.1| , 



/, (f*(y) ■ {c x {H, k) d ■ h)) = y ■ MMH, k) d ■ h) = deg K (h)y. 
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Thus, using (1) of Proposition |3.2.4| , we have 

deg K (h)y = /„ (f*(y) ■ (c^H, k) d ■ h)) = /, {c l (H, k) d ■ (f*(y) ■ h)) 
= f*(c 1 (H,k) d -(h-r(y)))=0. 

Therefore, y — 0. Hence, x = in CH (X)q. □ 
Further, we can give a generalization of [|15|, Theorem A]. 

Corollary 4.3. Let us consider a homomorphism 

- — - p - — - p— i 
L : CH D (X) Q — > CH D (X)q 

given by L(x) = C\{H) ■ x. By abuse of notation, the composition of homomorphisms 

P?c D (X) Q _> CH^(X) Q ^ CH^(X) Q 
is a/so denoted by L d ~ x . Then, we have the following. 

(1) Ker (L d - 1 : P?c D (X) Q -> CH^(X)q) = Ker (Pic(X) Q -> CH^X)^. In particular, if 

X is regular, then L d ~ l : CH d (X)q — > CH d (X)q is injective. 

(2) J/ie pTc L 2(X) Q) x ^ in CH^(X) Q; and L d (x) = 0, then deg(L d_1 (x) • z) < 0. 

Proof. First, let us see (2). By virtue of (2) of Proposition |3.2.4j , 
L d -\x) ■ x = (c 1 (H) d - 1 -x)-x = c 1 (H) d - 1 ■ x 2 . 
Thus, applying Corollary |4.2] to the case where h = c\(H), we have (2). 

Next, let us see (1). It is sufficient to show that if x G Picd{X)q and L (a;) = 0, then 

x G Pic(X),Q and x = in CH (X)q. Let us choose x G Pic(X)Q such that z(x) = z(x ) 
and uj(xq) is harmonic with respect to c\(H). Then, there is a distribution T on X(C) with 
x = x + a{T). Here, z(x) ■ Ci(fl") d_1 = z{L d ~ l {x)) = 0. Thus, u(x ) A cifff) 4 *- 1 = 0. 
Therefore, 

ciCff)*" 1 • xl = CxiH) 4 - 1 ■ xl + a(u(x ) A diHf^T) 
= c^H)*- 1 ■x -x = x - L d - X {x) = 0. 



Thus, by virtue of Theorem |4~T| , there is y G CH (Spec(Ox))<Q with x = f*(y) in CH (X)q. 
In particular, u>(x ) = 0. Therefore, 

Cl (H) d - 1 A dd c (T) = u{c 1 (H) d - 1 ) A u{x ) + c^H)^ 1 A dd c (T) 

= oj(L d -\xo) + a{ Cl (H) d ~ l T)) = u}(L dr ~ 1 (x)) = 0. 

This implies that A(T) = 0, where A is the Laplacian with respect to C\(H). Hence, using 
the regularity of solutions of the elliptic operator A, T is represented by the C^-function 

c which is constant on each connected component of X(C). In particular, x G Pic (X)q. 

Thus, by virtue of (2), we have x = in CH (X)q. □ 
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5. Comparison of intersection numbers via birational morphism 

Let fi : Y — > X be a birational morphism of projective arithmetic varieties with d = 
cUiiiXq = dim Yq. We assume that X is normal. We set 

Pic M (F)Q = {xe Pic(r) Q | n.{x) e Pic(x) Q } 

and 

pTc m (F)q = {xe fic(Y) Q | z{x) G Pic M (F) Q }, 

where z : Pic(Y)Q — > Pic(Y)(Q is the homomorphism forgetting Green functions. Then, the 
push-forward /i* induces the homomorphism 

/i* : Pic M (Y) Q -> Pic Br (^)(Q- 

Let us fix an arithmetically ample Hermitian line bundle H = (H, k) on X. Here we define 
the symmetric bi-linear map 

A M : PkvOHQ x pTc M (r) Q -> E 

to be 

A>, y) = dei (ci(/i*(^)) d ~ 1 • x • y) - dei (MW^ " " • 

In this section, we will investigate basic properties of A M (cf. Proposition |5J] and |5.2| ) and 
give its application (cf. Corollary |5.5| ). 

Here let us introduce the homomorphism <5 M : Pic^Y)^ — > Pic M (F)Q given by 

Sn(x) = x - /i*(/i*(x)). 
By abuse of notation, the composition 

8^-z: Pic M (Y% Pic M (F) Q Pic M (F) Q 
is also denoted by 8^. First, let us consider the following proposition. 

Proposition 5.1. If S^x) = 5^(x') and 5^{y) = S^y') forx,x',y,y' G Pic M (Y) Q , then 
A II (x,y)=A fl (x',y'). 

Proof. First, let us see that if z(x) = z(x') and z(y) = z(y f ) for x,x',y,y' G Pic M (Y")Q, 
then A^(x,y) = A M (x / ,y / ). For this purpose, it is sufficient to see that A M (x,a(0)) = for 
all C°°-functions <p on Y(C). First of all, 

dei (c 1 ( f x*(H)) d - 1 ■ x • a(0)) = ~J <Mx) A //(O^ 1 ). 

On the other hand, we set a; = (D,g). Let g' be a Green function for If we set 



•0 = — g', then t/> G Br(X(C)). By the definition of the star product and Remark |3.3.4 
(ji*(D),fjt*(g)) ■ (O,/i*(0)) = (0,u(g')fi # ((t)) + dcf(^)M0)) 

= (O,a;(/x*(p))//*(0)) = (0,fi*(u(g)(/))). 

Thus, we have 
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Hence, A A1 (x, a(<p)) = 0. 

Let us pick up x,y G Pic At (F) ( Q. In order to see that A At (x,?/) depends only on S^x) and 
S^y), by replacing x and y by nx and ny for some positive integer n, we may assume that 

x,y G Pic^y) and /x*(y) G PicBr(^0- Let (L,}il) and (Q,hq) be Hermitian line 

bundles on y with ci(L, /i/,) = a; and ci(Q, ho) = y, and let U and Q' be line bundles on X 
with Ci(L') = ji^zi^x)) and Ci(Q') = fi^(z(y)). Here we can find Cartier divisors S x and E 2 
on Y such that //*(£') ® Oy(Si) = L, //*(£') ® 0y(E 2 ) = Q, and /^(E^ = /i*(E 2 ) = in 
Div(X). Then, 5^{x) = Ei and S^y) = E 2 . Let ft.^/ and /iq/ be C°°-Hermitian metrics of V 
and Q' respectively. Then, there are C°°-Hermitian metrics e\ and e 2 of (Dy(Ei) and (9y(E 2 ) 
respectively such that fi*(L', h L i) ® (Oy(Ei), d) = (L, h L ) and h Q >) <g> (Cy(E 2 ), e 2 ) = 

(Q,hg). Therefore, since 

= ci{L', h v ) + //*(ci(Oy(Ei), ei)) 
= ci(Q', V) + £**(ci(Oy(E 2 ), e 2 )), 

using projection formula (cf. Proposition |A.1|) , we can easily see that 

A M (z, y) = A M (c 1 (Oy(S 1 ), ei ), C!(Oy (E 2 ), e 2 )). 

Thus, combining the first assertion, we have our proposition. □ 

Before starting the next property, we would like to fix a terminology. Let L be a line 
bundle on Y, and let T be a prime divisor on Y with /i*(r) = 0. We define deg M (L| r ) to be 

the degree of L on the generic fiber of T — > /x(r) if dimT — dim/x(r) = 1 
otherwise 



deg u (L 



Let Di, . . . , D n be effective Cartier divisors on Y with the following properties. 

(1) n,(Di) =0for alii. 

(2) Di and Dj have no common component for all i ^ j. 

(3) There are positive integers a\, . . . ,a n such that if we set D = — Y^=i a i-^ii then 
deg M (Oy(— D)\ T ) > for all prime divisors V in Supp(-D). 

Note that if — D is /x-nef, then (3) is satisfied. 

Here we define the subspace V of Div(X)Q to be 

r 

V = I (A g) G Div(X) Q | D = J2 x i D * for 

some Xi, . . . , x n G 



8=1 



Then, we have the following proposition. 



Proposition 5.2. A.p(x,x') < for any x,x' G V ^(x) = z(x'). /n particular, A M 
negative semi-definite on V . 

Proof. First of all, note that 

(5.2.1) dei (^(jf)*- 1 • <?) • </)) = ~ y <MA ^^(n*" 1 ) 

because [i*{D,g) = (0, /x* (#)), fi^D^g') = (0, n*{g')) and Remark |3.3.4| . Further, in order 
to prove our proposition, we may assume a 1 = ■ ■ ■ = a n = 1 by replacing Di by Oj-Dj. 
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Let us choose a Green function for each Di. We set e« 
V - 



(Di,gi) for i = 1, ... ,n, and 
x, x) < for all a; G V, then 



3ei + • ■ ■ + Qe n . By virtue of Proposition |5TT| , if A M 
the assertion of our proposition holds. Here let us consider the following claim, which is the 
crucial part of the proof of our proposition. 



Claim 5.2.2 

fii 



(i) AJei, ej)>0 for all i^j. 



A M (e, Cj) < for all j , where e — ex + ■ — h e n . 

To prove the above claim, we need the following lemma. 

Lemma 5.3. Let L be a Hermitian line bundle on Y , and V a prime divisor on Y with 
H*(T) = 0. Let v : V — > F be a birational morphism of projective integral schemes. We 
assume that ifT is horizontal with respect toY — > Spec(Z), then v is a generic resolution of 
singularities ofT; otherwise, v = idp. If deg„(L| r ) > 0, then 

^(c 1 (v*(L))-c 1 (u*v*(H)) d - 1 ) >0. 
(For the definition of generic resolution of singularities, see [Appendix A\ .) 

Proof. We set E = f(T). Let ir : E' — > E be a proper birational morphism of projective 
integral schemes. We assume that if E is horizontal, then 7r is a generic resolution of sin- 
gularities of E; otherwise, 7r = ids- Changing a model of V, if necessarily, we may assume 
that there is a morphism / : V — > E' with 7r •/ = //• v. 

r — y 



E' 



Thus, using projection formula, 

dei • c 1 (u*pf(H)) d ' 1 ) = dei (c^Z)) ■ ^(/V^))^ 1 ) 

= ^(f,(c 1 (u*(L)))-c 1 (7r*(H)) d - 1 ) 
= deg^L\ r )dTg(c 1 (n*(H)) d - 1 )>0. 



□ 



Let us go back to the proof of Claim |5.2.2| . Let Dj = biT% + • ■ • + b s T s be the irreducible 
decomposition as cycles. For each k, let Vf. : T' k — > be a proper birational morphism of 
projective integral schemes. We assume that if is horizontal with respect to Y — > Spec(Z), 
then z/fc is a generic resolution of singularities of IV Then, by Lemma |A.3| , 



deg (c 1 (n*H) d - 1 ■ (Di,gi) ■ (Dj,gj)) = 

k=i 2 Jy (Q 

where Q = Ci(H, k). Thus, combining the above with ( |5.2.1|) , we can see that 



£> fe deg {c 1 (u* k ^H) d - 1 ■ u* k (Di, 9i )) 



k=l 
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Here, since T k is not a component of Di, deg ll (OY(D i )\ r ) > for every k. Therefore, by 
Lemma |573| , we get A A1 (e i , of) > 0. 

Let /i be a Hermitian metric of Oy(D) with e = ci(CV(.D), /i). In the same way as above, 
by using Lemma A.3 , we can see that 

s 

A,(e,e,) = j>dS (c^W' 1 • £(i£(CV(I>), /*))) - 
fc=i 



Here, by our assumption, deg M ((9y(— -D)| r ) > for all fc. Thus, by Lemma |5T3|, A /i (e, e^) < 
0. 

Finally, let us see that A M (x, x) < for all a; G V. We set x = x\ei + • ■ ■ + x n e n . It is 
easy to see that 

A M (x, x) = x, 2 A M (e i? e) - ^(x, - a^A^e*, e,-). 

Thus, Claim |5\2^ implies A M (x,x) < 0. □ 

Corollary 5.4. VFe assume that X andY are ^-factorial, i.e., the natural homomorphisms 
Dyv(X)q — > Z 1 (X)q and Div(Y)q — > Z 1 (Y)q are isomorphisms. Then, A M (x, y) < for any 

1,1/6 CH (Y)q with S^x) = S^y). In particular, A M is negative semi-definite on CH (Y)q. 
Proof. Let T 1 , . . . , T n be all prime divisors on F contracted by /i. By virtue of Proposi- 



tion |5.1] and |5.2j , it is sufficient to show that there are positive rational numbers a±, . . . ,a n 
such that — Y^i=i * s / i_am pl e - 

Let A be an ample line bundle on Y. Then, there are a positive integer m and a section s of 
H°(Y, A® m ) such that Tj is not a component of div(s) for every i. We set D = /i*(/i*(div(s)) — 
div(s). (Note that /i H ,(div(s)) e D1v(X)q.) Then, by our choice of s, -D is effective, — D is /x- 
ample, and D is contracted by \x. Thus, there are non-negative rational numbers 
with D = Y^i=i a i^i- Here we suppose = for some z. Let F be the generic fiber of 
Tj — > /i(Tj). Then, dimF > 1, D\ F is effective, and — D\ F is ample. This is a contradiction. 
Thus, a.i > for alH. □ 

Let M be a d-dimensional smooth projective variety over an algebraically closed field, E 
a vector bundle bundle of rank 2 on M, and H an ample line bundle on M. It is well known 
that if L is a rank 1 saturated subsheaf of E, then 

deg(c 2 (£) • Cl {H) d - 2 ) > deg(ci(L) • ci(£/L) • Cl (tf)^ 2 ). 

This is very useful formula to estimate the degree of 02(E). The following is an arithmetic 
analogue of the above formula. 

Corollary 5.5. Let X be a regular projective arithmetic variety with d = dirnXq, (E, h) a 
Hermitian vector bundle of rank 2 on X , and H = (H, k) an arithmetically ample Hermitian 
line bundle on X . Let L be a saturated subsheaf of E withrkL = 1, and letQ = (E/L)** . Let 
hi and hq be metrics of L and Q induced by h. Then, hi and Hq are birationally Hermitian 
metrics, and 

dii (c 1 (H) d - 1 ■ c 2 (E, h)) > dei (ciCff)*" 1 ■ ck(L, h L ) ■ ci(Q, h Q )) . 
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Proof. First of all, there is an ideal sheaf I on X such that the image of E — > Q is Q ®I. 
Then, codim Spec(Ox/I) > 2. Let pi : Xi — ► X be the blowing-up by the ideal sheaf /, and 
v : Y — > Xj a generic resolution of singularities of Xj. Then, by our construction, there is 
an effective Cartier divisor E on Y with IO Y = Oy(-S). Then, fj*(E) -> <g> Cy(-S) 

is surjective and its kernel is fx*(L) <8> (9y(E), where /i = p/ • z/ : Y — > X. Thus, we get an 
exact sequence 

-> //(L) ® Oy(E) -> /!*(£) //(Q) ® Oy(-S) -> 0. 

Let /i' L and hg be Hermitian metrics of fx*(L) <S> Cy(E) and fx*(Q) <8> Oy{— S) induced by 
ix* {h) of /x*(E). Let A = (A, e) be an arithmetically ample Hermitian line bundle on y. 
Then, by |T2|, Proposition 7.3], for all n > 0, 

dei (c 1 (/x*(^® n ) ® Af- 1 ■ c 2 (ix*(E),ix*(h))) > 

^(c^iH^^A^-ctiix^^^Oy^), h' L )'-c L ( f j,*(Q)®0 Y (-E), h' Q )) . 
Taking n — > oo of the above inequality, we have 

dei^^^))^ 1 -^^*^),/!*^))) > 

d^(c 1 (ii*(H)) d - 1 -c^i^^OYiJ:), h' L )-c 1 {ix*{Q)®0 Y (-E), h' Q )). 
Here, by the projection formula (cf. Proposition |A.1| ), 

dei (c 1 (/j,*(H)) d ~ 1 ■ c 2 (ix*(E),ix*(h))) = o^g (c 1 (H) d - 1 ■ c 2 (E, h)) . 
Thus, it is sufficient to show that 

dei (c x {ix*(H)) d - 1 ■ ct{ix*{L) ® Oy(E), ^) ■ ci(^*(Q) ® CV(-S), ^)) > 

dei (c!^)^ 1 ■ Ci(L, ■ Ci(Q, hq)) . 

Namely, 

A^c^L)®^^), ^), c 1 (ix*(Q)®O y (-E), h' Q ))>0. 
Let e be a Hermitian metric of (9y(E). Then, by Proposition |5.1| , 

A^ci^L)®^!!), c 1 ( y u*(g)®Oy(-E), h' Q )) = 

-A^(c 1 (Oy(E),e),c 1 (Oy(E), e )). 

Therefore, by Proposition |5.2| , it suffices to show that — E is /i-nef. This is obvious because 
IO Xl is ///-ample and Oy(-E) = v*(IO Xl ). □ 

6. BOGOMOLOV'S INSTABILITY FOR RANK 2 BUNDLES 

Let il~ be a number field, and Ok the ring of integers of K. Let / : X — > Spec(O^) be 
a regular projective arithmetic variety with the geometrically irreducible generic fiber and 
d = dimX^. Let H = (H, k) be an arithmetically ample Hermitian line bundle on X. Let 

( • )h ■ CHB r (X)Q x CHLpOQ -> K and deg K : ChL-POq -> Q 
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be homomorphisms given in §|[ Here, we set 



C^X- H) = {xe GE Br (X) Q \(x-x)b>0 and deg K (x) > 0} 



d + (X; H) = {xe CE Br {X) Q \{x-y) w >0 for all y G d++(X; H)}. 



and 



By virtue of the Hodge index theorem (cf. Theorem |4.1| ), we have the following in the same 
way as |T3|, §1]. 

Proposition 6.1. C++(X\TI) C C+(X;H). 

Let E = (E, h) be a Hermitian vector bundle of rank 2 on X. Let L be a saturated 
subsheaf of E with rkL = 1. Since X is regular and L is reflexive, L is an invertible sheaf. 
Let Hl be the metric induced by h of E. Then, Hl is a birationally Hermitian metric. In 
this notation, we have the following theorem. 

Theorem 6.2. If deg (c^H)^ 1 ■ (4c 2 (E) -ci(£) 2 )) < 0, there is a saturated rank 1 sub- 
sheaf L of E with 

2c 1 (L,h L )-c 1 (E,h)eC ++ (X;H). 

Proof. First of all, by virtue of [I3|, Ej^ is not /x-semistable with respect to H-g. Thus, 
there is the destabilizing subsheaf V of E-^. Using the uniqueness of L', in the same way as 
|TS| , Claim 3.2], we can see that V is defined over K. Hence, we can find a saturated subsheaf 
L of E with Lx = L' . Let Q = (E/L)** , and let Hl and Hq be birationally Hermitian metrics 
of L and Q induced by h. Then, by Corollary ^5| , 



dei (c 1 (#) <l ~ 1 ■ c 2 (E, h)) > dei (c 1 (H) d - 1 ■ c^L, h L ) • ci(Q, h Q j) . 

Therefore, since Ci(E, h) = Ci(L, h L ) + Ci(Q, Hq), 

((2cx(L, h L ) - c x (E, h))% = (c^E, h) 2 )^ - 4(cx(L, h L ) ■ c^Q, hg)^ 

> dei {c^Hf- 1 ■ {c^Ef - Ac 2 (E))) > 0. 

Thus, we get our theorem. □ 

Let us fix A G C + (X;H). Let E = (E,h) be a Hermitian vector bundle on X of rank 
2. E is said to be arithmetically semistable with respect to A if, for any saturated rank 1 
subsheaves L of E, 

With notation as above, we have the following corollary. 

Corollary 6.3. If E is arithmetically semistable with respect to X, then, 
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Proof. If deg (c 1 (H) d ~ 1 • (Ac 2 (E) - ci(E) 2 )) < 0, then, by Theorem |j2], there is a satu- 
rated subsheaf L of E with 

2c 1 (L,h L )-c 1 (E,h) eC^X-H). 

Thus, 

(2c a (L,A i )-c 1 (S,/i).A) F >0. 
which contradicts to the semistability of E. □ 

Appendix A. PROJECTION FORMULA FOR THE ARITHMETIC CHERN CHARACTER 

In this section, we will show the following projection formula in a general context. 

Proposition A.l. Let X — > Y be a proper morphism of arithmetic varieties, E = (E, h) a 
Hermitian vector bundle on Y , and z an arithmetic D -cycle on X . Then, 

/*(ch(/*£) ■ z) = ch(£) • f m z. 

Proof. For the proof of the projection formula above, we need the following two lemmas. 
The proof of these lemmas can be found in Proposition 2.4.1 and Proposition 2.4.2]. 
Here we fix notation. Let Z be a quasi-projective integral scheme over Z. Then, by virtue of 
Hironaka's resolution of singularities J7j, there is a proper birational morphism jj, : Z' — > Z of 
quasi-projective integral schemes over Z such that Zq is non-singular. The above \x : Z 1 — >• Z 
is called a generic resolution of singularities of Z. 

Lemma A. 2. Let f : X — ► Y be a proper morphism of arithmetic varieties. Let (L, h) be a 
Hermitian line bundle on Y, and z G CH. D (X). Then 

MMfL, f*h) ■ z) = c 1 (L,h) ■ Uz). 

Lemma A. 3. Let X be a arithmetic variety, and L\ = (Li, hi), ... ,L n — (L n , h n ) be Her- 
mitian line bundles on X. Let (Z,g) be an arithmetic D-cycle on X, and Z = a,\Z\ + 
• ■ • + a r Z r the irreducible decomposition as cycles. For each i, let n : Z[ —>■ Z{ be a proper 
birational morphism of quasi-projective integral schemes. We assume that if Z{ is horizontal 
with respect to X — > Spec(Z), then n is a generic resolution of singularities of Z{. Then, we 
have 

r 

ci(Li) • • -ci(L n ) ■ (Z,g) = ^aj/ij* (ci(/i*Li) • • -ci(//*L n )) + a(cx(L x ) A • • • A ci{L n ) A g) 

i=i 

in CH d (X)q, where \ii is the composition of Z\ — x -* Zi^ X for each i. 

Let us start the proof of Proposition [A.l| . We will prove this proposition by induction on 
r = rkE. If r — 1, then 

ch(rE) = J2 ^Mf*W and ch(E) = J2^ci(W- 

n>0 ' n>0 
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Thus, our proposition is a consequence of Lemma [A.2| . Thus, we may assume that r > 1. 
Moreover, if z = (0,T), then 

/*(ch(/*£) ■ z) = /*(0, ch(f*E) AT) = (0, /*(/* ch(E) A T)) 

= (0, ch(E) A f m T) = di(E) ■ f mZ . 

— - p 

Hence, we may further assume that z is an usual arithmetic cycle, i.e., z G CH (X) for some 
p. 

Let 7T : P = Proj(© n > Sym n (£T)) -> F and i/ : Q = Proj(© n > Sym n (f*E)) -> X be the 
projective bundles of and and let Cp(l) and Cq(1) be the tautological line bundles 
of P and Q respectively. We set the induced morphisms as following diagram. 

X ^— Q 



f 



Y 



P 



We give Oq(1) the Hermitian metric induced from v* f*E. Since v : Q — * X is smooth, we 
can consider the pull-back v*(z) of 2. Here we claim the following. 



Claim A.3.2. ^(c"i(Oq(1))'- 1 • v*{z)) = z. 

Proof. Let (Z, g) be a representative of z. Clearly, we may assume that Z is integral. If Z 
is vertical, then our assertion is trivial. So we may assume that Z is horizontal. Let \i : Z' — > 
Z be a generic resolution of singularities of Z. Let u' :T — Proj(© n > Sym n (/x*/*(i?))) — > Z' 
be the projective bundle of fi*f*(E), and Ot(1) the tautological line bundle on T. We set 
the induced morphism as follows. 



T 



Z' 



Q 



x 



Then, // gives rise to a generic resolution of singularities of v*(Z). Thus, by virtue of 



Lemma A. 3 



c 1 (O q (1))'- 1 ■ v*(z) = ^(MOtW 1 ) + a{ Cl {0 Q {l)Y^ A u*(g)) 



Here since 



and v if (ci(OQ{l)) r 1 A v*{g)) = g, we can see that 



v*{c x {0 Q {l)y- 1 ■ v*(z)) = (Z,0) + a(g) = (Z,g). 
Hence, we get our claim. 



□ 



Let us go back to the proof of Proposition [A.l| . We set (3 = ci(Oq(1)) t 1 • v*(z). Then, 
by the above claim, v*((3) = z. Thus, since v is smooth, using |5|, 6 of Theorem 4], 

f^(di(v*f*E) ■ (3) = f*(di(f*E) ■ z). 
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On the other hand, let Fp be the kernel of the natural homomorphism 7r*(E) — > Op(l). We 
give Fp and Op(l) the metrics induced from the metric of tt*E, so that we get an exact 
sequence of Hermitian vector bundles: 

E Q : -> F~p~ -> tt*£ -> P (1) -> 0. 

Then, 

ch(vr*E) = ch(Fp") + ch(Op(l)) - a(ch(£ P )), 

which implies 

ch(z/T£) = ch(» V£) = &{g*Fd + ch(^OMl)) - a(g*di(E P )). 

Thus, since the rank of Fp is less than r and 7r is smooth, using hypothesis of induction and 
||, 6 of Theorem 4] , we have 

fMM"*f*E) ■ (3) = 7r„(fc ((ch(^*T>) + dx{g*Op~{X)) - a( 5 *ch(£ P ))) • /?) 

= 7T* ((ch(T>) + ch(OpO)) - «(ch(^p))) • ^) 
= 7r*(ch(iT* E) ■ g*/3) = ch(E) ■ Tr*g*(3. 

Therefore, 

f*(di(f*E) ■ z) = f*u*(di(v*f*E) ■ P) = di(E) ■ f m z 
because n*g*f3 = f*v*(3 = f*z. □ 

Appendix B. ZARISKl'S LEMMA FOR INTEGRAL SCHEME 

Let R be a discrete valuation ring, and / : Y — > Spec(_R) a flat and projective integral 
scheme over R. Let rj be the generic point of Spec(i?) and o the special point of Spec(i2). 
We assume that the genetic fiber Y n of / is geometrically reduced and irreducible. Let Y Q be 
the special fiber of /, i.e., Y Q = f*(o). Let us consider a paring 

Pic(Y) ® CR P (Y ) -> CR P+1 (Y ) 

given by the composition of homomorphisms 

Pic(F) <g> CH P (F ) -> Pic(F ) (8) CIP(Y ) -> CH p+1 (r o ). 

We denote by i ■ 2 the image of x <8> z by the above homomorphism. Let D be a Cartier 
divisor on Y, and Z a cycle of codimension p on Y , i.e., Z G Z p (y o ). We assume that D 
and Z intersect properly. Let s be a rational section of Oy{D) with div(s) = L>, and let 
Z = a,\Z\ + ■ ■ ■ + a r Z r be the irreducible decomposition as cycles. Then, since s\ z is a 
rational section of Oz^D), we define D n Z G Z P+1 (Y ) to be 

D n Z = a[ div(s| z .) + • • ■ + a r div(s| z ). 

Then, the class of .D n Z is equal to Oy(D) ■ (the class of Z). Moreover, for a Cartier divisor 
D on y, the associated cycle of D is denoted by [D], which is an element of Z l (Y). Let us 
consider the following subgroup F C (Y) of Z (Y o ): 

F C (Y) = {x G Z (Y ) | x = [D] for some Cartier divisor D on K}. 
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For a Cartier divisor D on Y with [D] G F C (Y), and y G F C (Y), D • y depend only on [D\. 
For, if D' is a Cartier divisor on Y with [D f ] = [D], and is a Cartier divisor on Y with 
y = [.E], then, by || Theorem 2.4], 

D • y = E ■ [D] = E ■ [D'\ = D'-y. 

Thus, we can define a bi-linear map 

q : F C {Y) x F C (Y) -> CH x (y o ) 

by g( [£)],?/) — D ■ y. Moreover, 0, Theorem 2.4] says us that q is symmetric, i.e., q(x,y) = 
q(y,x) for all x,y E F C (Y). Let if be an ample line bundle on Y. Using q and H, we have 
a quadratic form Qh on F C (Y) given by 

Q H (x,y) = degiH*- 1 -q(x,y)), 

where d = diml^. Then, we have the following Zariski's lemma on integral schemes, which 
is well known if X is regular. 

Lemma B.l (Zariski's lemma for integral scheme). (1) Qh{[Y ],x) = Oforallx G F c (Y)q. 

(2) Q H (x, x) < for any x G F C (Y) Q . 

(3) Qh(x,x) = if and only if x G Q ■ [Y ]. 

Proof. (1): This is obvious because Oy(Y ) ~ Oy. 

(2) and (3): If x G Q ■ [Y ], then by (1), Qh(x, x) = 0. Thus, it is sufficient to prove that 
(a) Qh(x,x) < for any x G F c (Y)q, and that (b) if Qh(x,x) = 0, then x G Q • [Y ]. For 
this purpose, we may assume that x G F C (Y), i.e., x = [D] for some Cartier divisor D on Y\ 
We prove (a) and (b) by induction on d. If d = 1 and F is regular, the lemma follows from 
the following sublemma. 

Sublemma B.l.l. Let V be a finite dimensional vector space over 1SL, and Q a quadratic 
form on V. We assume that there are e G V and a basis {ei, . . . ,e„} with the following 
properties: 

(i) If we set e = a\t\ + • • • + a n e n , then ai > for all i. 

(ii) Q(x, e) < for all x eV. 

(iii) Q(ei, ej) > for all i ^ j. 

(iv) If we set S = | i ^ j and Q(ei, ej) > 0}, then, for any i ^ j , there is a sequence 
ii, . . . ,i[ such that i\ = i, i\= j , and (i t , it+i) G S for all 1 <t < I. 

Then, Q(x, x) < for all x G V . Moreover, if Q(x, x) = for some x^O, then x G Me and 
Q(y, e) = for all y G V. 

Proof. Replacing ej by a^j, we may assume that a 1 = ■ ■■ = a n = 1. If we set x = 
X\t\ + ■ ■ • + x n e n , then, by an easy calculation, we can show 



Q(x, x) = ) j x 2 i Q(e i , e) - ^(x, - x j ) 2 Q(e i , e 



^ ' 3 J 

i<j 



Thus, we can easily see our assertions. □ 

Let us go back to the proof of Lemma |B.1| . Let fi : Y' Y be a proper birational morphism 
of projective integral schemes over R. We assume that if d > 2, then \x is finite. Here we 
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claim that if (a) and (b) hold for Y', then they hold for Y. Note that if d = 1, then the 
lemma does not involve H. By virtue of projection formula (cf. p, (c) of Proposition 2.4]), 

degO/^- 1 ■ Oy,(n*(D)) ■ \p*(D)]) = degiH*- 1 ■ O y (D) ■ [D]). 

Thus, if Q H ([p,*(D)], \/i*(H)]) < 0, then Q H ([D], [D]) < 0. Moreover, if there is a rational 
number a such that |/t*(£))] = a[F '], then \p*(D)] = a[p,*(Y )]. Thus, taking the push- 
forward /i*, we can see that [D] = a{Y ] in Z 1 {Y)q. Hence, we get our claim. 

By the above claim, considering the normalization of Y, we may assume that Y is normal. 
Moreover, if d = 1, there is a resolution of singularities (i : Y' — ► Y of Y (cf. [p| ). Thus it 
holds for d — 1. Hence we may assume d > 2. 

Let (y o ) rerf = Tx U • ■ ■ U T[ be the irreducible decomposition of (Y ) red and I the defining 
ideal of (Y ) re d. Since if is ample, there is a positive integer m such that ff® m is very 
ample and H l (Y,H® m ®I) = 0. Thus, H°(Y,H® m ) -> # ((Y" o ) red , F® m | (yo)r( J is surjective. 
Here note that codim(Y" \ Sing(Y")) > 2 because Y" is normal. Hence, there is a section 
s of H°(X,H® m ) such that s | r . ^ for every i, and that div(s |^ Yo - ) d ) intersects with 
(Ti fl Sing(F)) re rf and (Tj n Fj) re rf properly for all i ^ j. Let t be a element of R such that 
i is a generator of the maximal ideal of R. Since H°(Y, H® m ) is a free i?-module, there 
is a basis {ei, . . . , e n } of H°(Y, H® m ) as i?-module. Then, there are C\, . . . ,c n G R with 
s = c\e\ + • • • + c n e n . For each of i?, let us consider the following element s of 

H°{Y,H® m ); 

s = s + t(aiei H h a n e n ) = (cj + toi)ei H h (c„ + ta n )e n . 

Since #(-R) = oo, it is easy to see that the set 

{(ci + tax, ■ ■■ , c n + ta n ) | ai, . . . , a n G -R} 

is Zariski dense in A n (K), where K is the quotient field of R. Thus, we can find a\, . . . , a n G 
R such that div(s r) ) is geometrically reduced and irreducible divisor on (cf. [PI Theo- 
rem 6.10]). Let [div(s)] = S + T be the decomposition as cycles such that S is horizontal and 
T is vertical with respect to /. Then, by our choice of s, s\ r . = Sq\ t . for all i. Thus, T = 
and S is integral. Hence, by the proof of 0, Theorem 2.4], we can see that div(s)l~l[D] = D\lS 
in Z 2 (Y). Therefore, if we set H$ = H\ s and D$ = D\ s , then 

deg(^" 2 • O s (D s ) ■ [D s ]) = deg(H d - 2 ■ O y {D) ■ (D n S)) 

= deg{H d - 2 ■ O y (D) ■ (div(s) n [£>])) 
= deg(^~ 2 • Y {D) ■ H® m ■ [D])) 
= mdeg{H d - 1 -Oy(D) •[£>])). 

Thus, by hypothesis of induction, Q H ([D], [£)]) < 0. 

Further, we assume that Q H ([£>], [£>]) = 0. Then, deg(^" 2 • O5P5) • [D s ]) = 0. Thus, 
by hypothesis of induction, there is a rational number a with D\l S = a(Y Q n S 1 ) in Z 2 (Y)(Q. 
We set [D] = QjjFj and [Y ] = J2i Pi^i as cycles. Moreover, we set 

Y° = Y\ \Smg(Y) U |J (T, n r,)j , 
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D° = Df] Y°, F o = Y n Y°, S° = S n y°, and r° = r< n Y° for each i. Then, 

D°n5° = 53a i (r?n5°) and F o °n5 = ^A(r°n5 ) 

i i 

in Z 2 (y°). Thus, 

^a l (r°n5°) = ^aA(r°ns°) 

in Z 2 (F°)q. Here if® m is very ample and div(so|(y o ) red ) intersects with (Tj fl Sing(F)) re d 
and (Tj fl rj-) re( j properly for all i ^ j. Therefore, T° l~l 5° 7^ for all i, and T° n 5° and 
T° n 5° have no common component for all i / j. Thus, we have = a/3j for all z. Hence 
[D] = a[Y ] in Z 1 (F)q. □ 
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